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We discuss electrostatics in Anti-de-Sitter (AdS) spacetime, in global coordinates. We observe that 
the multipolar expansion has two crucial differences to that in Minkowski spacetime. First, there are 
everywhere regular solutions, with finite energy, for every multipole moment except for the monopole. 
Second, all multipole moments decay with the same inverse power of the areal radius, 1/r, as spatial 
infinity is approached. The first observation suggests there may be regular, self-gravitating, Einstein–
Maxwell solitons in AdS spacetime. The second observation, renders a Lichnerowicz-type no-soliton 
theorem inapplicable. Consequently, we suggest Einstein–Maxwell solitons exist in AdS, and we support 
this claim by computing the first order metric perturbations sourced by test electric field multipoles, 
which are obtained analytically in closed form.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
Anti-de-Sitter (AdS) gravity has been under intense scrutiny, 
motivated, in particular, by the gauge–gravity duality [1]. A central 
question one may ask, as for asymptotically flat gravity, is under 
which circumstances everywhere regular gravitating solitons, ad-
mitting a global timelike Killing vector field exist. Whereas such 
solutions are known for non-linear matter sources – for instance 
Yang–Mills fields [2–4] – Lichnerowicz-type arguments have been 
put forward to preclude the existence of such stationary configu-
rations in Einstein’s theory with a negative cosmological constant 
vacuum [5] or electro-vacuum [6]. The purpose of this paper is 
provide evidence that, in the static electro-vacuum case, such argu-
ments do not apply, and, moreover, a linear field analysis suggests 
the existence of Einstein–Maxwell-AdS gravitating solitons.
From elementary electromagnetism in Minkowski spacetime, 
any static charge distribution can be described by a multipolar 
expansion for the electrostatic potential, which in standard spher-
ical coordinates takes the form φ(r, θ, φ) = ∑,m R(r)Ym (θ, φ), 
where Ym (θ, φ) are spherical harmonics. It is well known that 
R(r) = c1r + c2/r+1. Thus, any non-trivial solution diverges ei-
ther at the origin or at infinity. Moreover, the total energy associ-
ated to any such multipolar field is infinite. Finite energy config-
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SCOAP3.urations can, however, be obtained, by confining the electric field 
to be inside a box – say, spherical and of radius rB – and putting 
c2 = 0. Then, a unique electric field with total finite energy is ob-
tained by specifying the boundary data R(rB), which determines 
the set of non-trivial multipoles at the boundary. Thus, “boxing” 
Minkowski spacetime allows for everywhere regular electric mul-
tipoles with a finite total energy inside the box.
In gravitational physics, AdS is a natural “box”, in view of its 
conformal timelike boundary. Thus, it seems worth investigating 
electrostatics in AdS and inquiring if everywhere regular finite en-
ergy multipoles exist. Even though this question seems natural – 
even obvious – to the best of our knowledge it has not been dis-
cussed in the literature. The first goal of this paper is to show that 
global AdS, unlike global Minkowski, admits everywhere regular, 
finite energy electric fields for all multipoles except the monopole. 
Moreover, as for the boxed-Minkowski region described above, a 
unique regular electric field configuration is determined by speci-
fying boundary data which identifies the excited multipoles at the 
boundary.
A second difference with the Minkowski case is that as one 
approaches the boundary, all of the above regular electric multi-
poles decay with the same inverse power of the areal radius, 1/r. 
The second goal of this paper is to show that this behavior ren-
ders inapplicable a Lichnerowicz-type no-soliton theorem for the 
Einstein–Maxwell system in AdS [6]. Thus, there appears to be no 
obstruction to the promotion of the regular electric fields in AdS to 
fully non-linear gravitating solutions within Einstein–Maxwell-AdS under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
394 C. Herdeiro, E. Radu / Physics Letters B 749 (2015) 393–398theory. In fact, we shall provide evidence for the existence of such 
solitonic solutions by computing the first order perturbation of 
AdS sourced by the regular test electric multipole fields mentioned 
above. The fully non-linear configurations, whose existence we an-
ticipate, will yield Einstein–Maxwell-AdS solitons.
This paper is organized as follows. In Section 2 we present 
Einstein–Maxwell-AdS gravity and we briefly review the argument 
for the non-existence of solitons in this theory. In Section 3 we dis-
cuss electrostatics in AdS, presenting the everywhere regular elec-
tric multipoles, their asymptotic behavior, their energy density and 
their total energy. Then, in Section 4 we discuss the backreaction 
on AdS of these electric multipoles within first order perturbation 
theory, obtaining explicit results for the dipole. In Section 5 we 
draw our conclusions and further remarks.
2. Solitons in Einstein–Maxwell-AdS gravity?
We are interested in Einstein–Maxwell theory in the pres-
ence of a negative cosmological constant (herein dubbed Einstein–
Maxwell-AdS gravity):
S =
∫
d4x
√−g
{
1
16πG
(R − 2) − 1
4
Fμν F
μν
}
, (1)
where F = dA is the U (1) field strength and  ≡ −3/L2 < 0 is the 
cosmological constant, with L the AdS “radius”. Varying the action 
one obtains the Einstein equations:
Eμν ≡ Rμν − 1
2
Rgμν + gμν − 8πGTμν = 0 , (2)
and the Maxwell equations
d  F = 0 . (3)
The electromagnetic energy–momentum tensor is
Tμν = Fμα Fνβ gαβ − 1
4
gμν F
2 . (4)
The maximally symmetric solution of this theory is AdS spacetime 
(with F = 0), which in global coordinates reads
ds2 = −N(r)dt2 + dr
2
N(r)
+ r2(dθ2 + sin2 θdϕ2),
where N(r) = 1+ r
2
L2
. (5)
Boucher, Gibbons and Horowitz [5] showed that, in the absence 
of the Maxwell term, (5) is the only strictly stationary – i.e. ad-
mitting an everywhere timelike Killing vector field kμ (which ex-
cludes black hole regions) – and asymptotically AdS solution of this 
theory. Thus, there are no regular, finite-energy, time-independent 
solutions – or gravitating solitons – in vacuum AdS gravity.1 Let us 
briefly review the argument including the Maxwell field [6], but 
restricting to the static case and a purely electric Maxwell field, of 
interest herein. In [6], the following identity was shown, which is 
implied by the Einstein–Maxwell equations:
∇μ
(∇μV 2
V 2
− τμ + Wμ
)
= 0 , (6)
where V 2 = −kμkμ , ∇μτμ = −2 and Wμ = −8πG φEμV 2 ; also, 
Eμ = kν Fνμ = ∇μφ, such that when choosing a time coordinate 
t adapted to the Killing field, k = ∂/∂t , φ becomes the electrostatic 
1 Ref. [7] provides numerical evidence for the existence of vacuum, albeit not 
stationary, AdS geons.potential. Upon integration over a spacelike hypersurface, equa-
tion (6) is converted into a surface integral at infinity by Stokes 
theorem. Observe that one is assuming the absence of an event 
horizon, such that there is no contribution from an inner bound-
ary term. If the Wr term vanishes faster than 1/r2, as implicitly 
assumed in [6], then it does not contribute to the boundary term. 
It follows that we are left with the first (purely geometric) two 
terms in (6), which yield a vanishing total mass for spacetime, 
M = 0 [5,6]. Then, by the positive energy theorem, the spacetime 
must be AdS.
The assumption made on the asymptotic decay of Wr ∼ φF rt is 
justified for Maxwell multipoles in asymptotically flat spacetime. 
As shown in the next section, however, the Maxwell equations in 
a fixed AdS background possess everywhere regular configurations 
with Wr ∼ 1/r2 in the far field, where r is the areal radius, whose 
existence thus renders inapplicable the above no-soliton theorem.
3. Electrostatics on AdS: regular electric multipoles
We linearize the model (1) around an empty AdS background. 
Thus we solve the (test) Maxwell equations (3) on the geome-
try (5). Here we shall focus on axially symmetric electric poten-
tials:
A = φ(r, θ) ≡ R(r)P(cos θ)dt , (7)
where P is a Legendre polynomial of degree , with  ∈N0 defin-
ing the multipolar structure. Then Maxwell’s equations reduce to 
the radial equation
d
dr
(
r2
dR(r)
dr
)
= ( + 1)
N(r)
R . (8)
In the Minkowski spacetime limit, L → ∞, it is well known from 
elementary electrostatics that the solution of (8) is of the form 
R(r) = c1r + c2/r+1. Thus, any non-trivial solution diverges ei-
ther at the origin or at infinity. By contrast, in AdS, non-trivial 
solutions exist which are regular everywhere. To see this, take the 
ansatz
R(r) =
( r
L
)
f(r), (9)
such that the radial equation (8) becomes the hypergeometric 
equation (with x ≡ − r2
L2
)
x(1− x)d
2 f(x)
dx2
+ (c − (a + b + 1)x)df(x)
dx
− abf(x) = 0 , (10)
where a = ( + 1)/2, b = /2 and c =  + 3/2. Since, for any , 
either a or b is an integer, this hypergeometric equation is degen-
erate, i.e. one of the independent solutions is a finite polynomial. 
For  ≥ 1, the everywhere regular solution, in particular at r = 0, 
is, in terms of the hypergeometric function 2 F1:
R(r) = (
1+
2 )(
3+
2 )√
π( 32 + )
r
L
2F1
(
1+ 
2
,

2
; 3
2
+ ;− r
2
L2
)
, (11)
where we have normalized it such that R(r) → 1 asymptotically.
The case  = 0 is a trivial solution: R0(r) = 1. For  ≥ 1 the 
solutions are, however, non-trivial. Simplified expressions for  =
1, 2, 3 are:
R1(r) = − 2
π
[
L
r
−
(
1+ L
2
r2
)
arctan
( r
L
)]
,
R2(r) = 1+ 3L
2
2
− 3L
(
1+ L
2
2
)
arctan
( r )
,2r 2r r L
C. Herdeiro, E. Radu / Physics Letters B 749 (2015) 393–398 395Fig. 1. The radial function R for the regular electric multipoles in AdS with  =
1, 2, 3, 4, 5 and with the normalization R → 1 asymptotically, in terms of a com-
pactified coordinate r/(L + r). Here and in Figs. 2, 3 we take an AdS radius L = 1. 
Observe that the R(r)’s are nodeless functions. This is a general feature.
R3(r) = − 2
π
[
L
3r
(
13+ 15L
2
r2
)
−
(
1+ L
2
r2
)(
1+ 5L
2
r2
)
arctan
( r
L
)]
. (12)
We notice also the existence of the recurrence relation
R+2(r) = R(r) − α L
r
R+1(r) , (13)
where α are positive constants:
α0 = 3π
4
, α = (3+ 2)

( +12 )
(
3+
2
)
(/2)(2+ /2) ,  ≥ 1 . (14)
In Fig. 1 we exhibit R , for  = 1, 2, 3, 4, 5.
As one would expect, at the origin, the AdS regular multipoles 
approach the behavior of the Minkowski multipoles which are reg-
ular therein. Indeed, as r → 0, the solutions behave as
R(r) = c()0
( r
L
) + · · · , where c()0 = 
(
1+
2
)

(
3+
2
)
√
π
(
1+ 2
) . (15)
By contrast, asymptotically, the regular AdS multipoles have a re-
markably different behavior from that of the Minkowski multipoles 
which are regular at infinity. Indeed, as r → ∞, the solutions be-
come
R(r) = 1− c()1
L
r
+ · · · , where c()1 =
2
(
1+
2
)

(
3+
2
)

(
1+ 2
)

(

2
) .
(16)
In particular observe that all multipoles fall-off with the same 1/r
power, where r is the areal radius, cf. eq. (5).
3.1. Energy density and total energy
The energy density of a given electromagnetic configuration, ρ , 
as measured by a static observer with 4-velocity Uμ ∝ δμt , is ρ =−T tt . For the above regular electric multipoles, φ given by eq. (7), 
ρ is finite everywhere. This is illustrated in Fig. 2.
As can be seen there, for  = 1, ρ is maximal at the origin and 
monotonically decreasing with r. For  > 1, ρ = 0 at the origin, 
attains a maximum at some radius r which increases with  and Fig. 2. Energy density ρ , of the AdS regular electric multipoles φ , for  = 1, 2, 3, 4, 
with the normalization R(r) → 1 asymptotically, in terms of the radial coordinate r. 
The top (bottom) panel correspond to sections with θ = 0 (θ = π/2).
then decreases monotonically with r. This is an expected behavior
in terms of the angular momentum harmonic index.
At infinity, ρ decays as 1/r4. Consequently, the total energy of 
these solutions
E = −
∫
d3x
√−g T tt = −2π
∞∫
0
dr
π∫
0
dθ r2 sin θT tt , (17)
is finite. Indeed, with the chosen normalization, the total energy 
for the first few multipoles E is
E1 = 8L
3
, E2 = 3π
2L
10
, E3 = 64L
21
. (18)
The total energy can actually be expressed as a surface integral. 
Noticing that
E = −π lim
r→∞
π∫
0
r2 sin θ At F
rtdθ , (19)
we obtain, for a given mode ,
E = π lim
r→∞ r
2R ′(r)
π∫
0
dθ sin θ L2(cos θ) . (20)
From (16) together with the properties of the Legendre polynomial 
one finds a general formula for the total energy
E = 4π
2 + 1
( 1+2 )(
3+
2 )
(1+  )(  ) L . (21)2 2
396 C. Herdeiro, E. Radu / Physics Letters B 749 (2015) 393–398We observe that the regular electric multipoles φ satisfy the 
virial identity
∞∫
0
r2dr
π∫
0
sin θ
⎛
⎝[φ]2,r + 1−
r2
L2
N2(r)r2
[φ]
2
,θ
⎞
⎠= 0 . (22)
For a vanishing cosmological constant, N(r) = 1. Then both terms 
in the integrand are positive definite and the electric potential 
must be trivial, for the equality to hold. This makes explicit that 
the AdS geometry supplies the attractive force needed to balance 
the repulsive force of the gauge interactions. Also, it is clear that 
the configurations are supported by the nontrivial angular depen-
dence of the electrostatic potential.
4. First order backreaction of the electric multipoles
The existence of a solution in the probe limit is usually taken as 
a strong indication that the full system possess nontrivial gravitat-
ing configurations. As an example with gauge fields, let us mention 
the case of the Yang–Mills (test field) static soliton in a fixed AdS
background discovered in [2]. As found in [3,4], this configuration 
can be promoted to a gravitating soliton of the full theory when 
including its backreaction.
In the same spirit, our goal here is to consider how the AdS
geometry (5) is deformed if one takes into account the backre-
action of the regular electric multipoles discussed in Section 3. 
For  = 0, the axially symmetric Einstein–Maxwell solutions can 
be constructed in closed form, by using powerful analytical tech-
niques. Unfortunately, such methods do not extend to the AdS case. 
In this paper we solve the Einstein equations (2) in first order per-
turbation theory, sourced by the energy–momentum tensor (4) of 
the regular electric multipoles. We take the Maxwell 4-potential to 
have the generic form:
A = V (r, θ)dt, (23)
and we consider a metric ansatz using the gauge choice
ds2 = −e2ν(r,θ)dt2 + e2μ(r,θ)dr2 + e2ψ(r,θ)r2(dθ2 + sin2 θdϕ2).
(24)
This depends on three arbitrary functions of (r, θ) which covers 
the general case of an axisymmetric, static geometry.
To setup the perturbative expansion, we introduce a pertur-
bative parameter α, which multiplies the regular electric multi-
poles computed in Section 3, φ,m . Thus α can be identified with 
the magnitude of the electric potential at infinity (here we set 
4πG = 1). Then, we expand the three metric functions plus the 
electric potential as:
ν(r, θ) = ν(0)(r) + α2ν(2)(r, θ) + · · · ,
μ(r, θ) = μ(0)(r) + α2μ(2)(r, θ) + · · · ,
ψ(r, θ) = α2ψ(2)(r, θ) + · · · ,
V (r, θ) = αV (1) + · · · , (25)
where
ν(0)(r) ≡ 1
2
log
(
1+ r
2
L2
)
≡ −μ(0)(r),
V (1) ≡ φ(r, θ) = R(r)P(cos θ) . (26)
Observe that the bracketed superscript denotes the order in α of 
the corresponding term. Our goal is to compute the metric pertur-
bation to O(α2) using the O(α) Maxwell field.The derivation of a general solutions starts with the observation 
that the Einstein equation
Eθθ − Eϕϕ = 0 , (27)
implies
d2U
dθ2
− cot θ dU
dθ
= 2
N
[
V (1),θ
]2
, (28)
where
U (r, θ) ≡ ν(2) + μ(2) . (29)
Using the second equation in (26), the function U can be expressed 
as
U (r, θ) = [R(r)]
2
N(r)
Q (cos θ) , (30)
where the function Q (x) is a solution of the equation
d2Q 
dx2
= 2
(
dP(x)
dx
)2
. (31)
Thus, Q  can be, itself, expanded in Legendre polynomials:
Q (cos θ) =
∑
j=0
a jP2 j(cos θ) , (32)
for fixed coefficients a j .
Let us illustrate the method by considering the lowest mode 
 = 1. Thus, for the remaining of this section we compute the AdS
perturbations by a regular electric dipole field. For this case:
Q 1(cos θ) = 1
3
+ 2
3
P2(cos θ) . (33)
Assembling the results, and recalling the explicit form of R1(r), cf. 
eq. (12), we obtain that
ν(2) = −μ(2) + 4L
2
π2r2N(r)
(
−1+ L
r
N(r)arctan
r
L
)2
×
[
1
3
+ 2
3
P2(cos θ)
]
. (34)
We now regard ν(2) as given by this relation: thus we focus on the 
computation of μ(2) and ψ(2) .
For the next step, we consider a consistent expansion of the an-
gular dependence of the two remaining metric functions in terms 
of Legendre polynomials:
μ(2)(r, θ)
= μ(2,0)(r) + μ(2,1)(r)P1(cos θ) + μ(2,2)(r)P2(cos θ),
ψ(2)(r, θ)
= ψ(2,0)(r) + ψ(2,1)(r)P1(cos θ) + ψ(2,2)(r)P2(cos θ). (35)
Observe that there is now a second number in the superscript, 
referring to the order of the expansion in Legendre polynomials. 
One can show that the first order terms in the angular expansion 
vanish:
μ(2,1) = 0= ψ(2,1) . (36)
Then, a direct computation leads to the remaining terms of the 
solution. The zeroth order terms in the angular expansion (35) are:
C. Herdeiro, E. Radu / Physics Letters B 749 (2015) 393–398 397μ(2,0) = ψ
(2,0)
N
+ 1
rN
∫
dr
[
2r3
L2
dψ(2,0)
dr
+ 1
6
(
2R1 + rR ′1
)2
−
(
r2
3L2N
+ 1
)
R21
]
, (37)
where ψ(2,0) is found by integrating the equation
d
dr
(rψ(2,0)) = −1
2
+ 2
π2
(
L2
r2
+ 2L
r
[
1− L
2
r2
]
arctan
[ r
L
]
+ (1+ 2L
2
3r2
+ L
4
r4
)arctan2
[ r
L
])
. (38)
Although μ(2,0) , ψ(2,0) do not appear to have a simple expression 
in terms of elementary functions, one can evaluate them numeri-
cally. Also, an approximate expression can be found for r → 0, with
μ(2,0) = 16
3π2
− 1
2
− 27π
2 − 272
54π2π2
r2
L2
+O(r4),
ψ(2,0) = 16
3π2
− 1
2
− 16
675π2
r4
L4
+O(r6) , (39)
and for large r
μ(2,0) = −p1 L
r
+ 2
3
L2
r2
+O
(
1
r3
)
,
ψ(2,0) = p1 L
r
− 1
3
L2
r2
+O
(
1
r3
)
, (40)
with p1  0.164 h.
The second order terms in the expansion (35), on the other 
hand, can be written explicitly. Here and in the expressions of 
μ(2,0) and ψ(2,0) a number of integration constant were chosen 
such that the solutions are regular at r = 0 and vanish at infinity. 
Then:
μ(2,2) =
(
5+ 3L
2
r2
+ 8
3π2
[
5+ 7L
2
r2
])
1
8N
+ 4N
3π2
L4
r4
arctan2
[ r
L
]
− 3L
3
8r3
⎛
⎝N + 8
9π2
11+ 14r2
L2
− 5r4
L4
N
⎞
⎠arctan[ r
L
]
, (41)
and
ψ(2,2) = −1
2
+
(
1
3π2
+ 3
8
)
L2
r2
+ L
r
⎛
⎝3
8
[
1− L
2
r2
]
+ 7+
L2
r2
3π2
⎞
⎠arctan[ r
L
]
+ 2
3π2
(
3− 4L
2
r2
− L
4
r4
)
arctan2
[ r
L
]
. (42)
These functions behave as
μ(2,2) =
(
368
135π2
− 1
5
)
r2
L2
+
(
8
35
− 3568
945π2
)
r4
L4
+O(r6),
ψ(2,2) =
(
368
135π2
− 1
5
)
r2
L2
+
(
9
70
− 1888
945π2
)
r4
L4
+O(r6),
(43)
for r → 0 andFig. 3. Radial functions defining the perturbed metric (24), via (25) and (34)–(35).
μ(2,2) =
(
5
6π
− 3π
16
)
L
r
+ 4
3
L2
r2
+O
(
1
r3
)
,
ψ(2,2) =
(
− 5
6π
+ 3π
16
)
L
r
− 2
3
L2
r2
+O
(
1
r3
)
, (44)
for large-r.
To summarize, the perturbed metric to O(α2) by the AdS reg-
ular electric dipole is given by (24), with the metric functions 
expanded as (25), with the zeroth order contributions given by 
(26), and the second order contributions given by (34)–(38) and 
(41)–(42). In Fig. 3 we plot the radial functions that define the 
perturbed metric. As can be seen they are bounded and smooth. 
Thus, at this order the backreacted metric is smooth and we did 
not notice the existence of any pathology. Moreover, we have ver-
ified that the spacetime is asymptotically AdS, according to the 
definition in [8]. The conformal boundary metric is given by the 
Einstein static universe, while, at this order, the mass of the space-
time computed according to both the prescriptions in [8] and in 
[9] is still given by the soliton mass E1 in (18).
5. Conclusions
In this paper we have considered electrostatic in global AdS. We 
have shown that there are everywhere regular multiple moments 
for  ≥ 1. Interestingly, all such regular electric multipoles fall-off 
towards the AdS boundary as 1/r in terms of the areal radius r. 
This decay renders inapplicable a Lichnerowicz-type argument for 
the absence of solitons in Einstein–Maxwell-AdS. In fact we provide 
evidence that such solitons exist, by computed the perturbations 
induced in the AdS geometry by a regular electric dipole, and ob-
serving all metric functions remain smooth. Showing the existence 
of fully non-linear solutions seems to require a numerical approach 
which is currently being considered.
398 C. Herdeiro, E. Radu / Physics Letters B 749 (2015) 393–398Finally, let us comment on various possible generalizations of 
the solutions in this work. Firstly, at the test field level, one 
can consider the dual magnetic multipoles, which would possess 
very similar properties. Moreover, superposing electric and mag-
netic multipoles it is possible to find configurations with non-
vanishing angular momentum. We thus anticipate that the backre-
action of such electromagnetic fields can lead to spinning solitons 
in Einstein–Maxwell-AdS theory. Secondly, since AdS is conformally 
flat and four dimensional Maxwell’s theory is conformally invari-
ant, any solution of Maxwell’s equation in AdS can be mapped to a 
solution of Maxwell’s equations in Minkowski spacetime. It would 
be interesting to interpret the latter solutions corresponding to the 
regular electric multipoles described in this paper.
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